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Spatiotemporal chaos stimulated by transverse Hopf instabilities in an optical bilayer system
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We study two-dimensional spatiotemporal dynamics in an optical system of two identical nonlinear films
irradiated from both sides by equal plane waves and show that a wide variety of chaotic behaviors can be
obtained near the subcritical pitchfork bifurcation point. The regimes arising in the vicinity of asymmetrical
steady state depend on stability of the symmetrical steady state at the same driving field, on interactions of
Hopf and Turing instabilities occurring at the asymmetrical branch of solutions, and on a transverse wave
number of the Hopf instability band center. The wave number is controlled by a phase shift of the field passed
between two films, and the relative order of the Turing and Hopf bifurcations is controlled by a diffusion of
charge carrier in a semiconductor media. Chaotic oscillating patterns are formed mainly by transverse Hopf
modes rising due to a time delay in the system.
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[. INTRODUCTION of the pure steady and Hopf modewsixed modes that may
become phase unstable giving rise to spatiotemporal chaos.
The.re Q.re numerous V\{OI‘kS devoted to tl’anSVPTrse pattern The purpose of the present paper is to ana'yze a Compe_
formation in nonlinear optical systems. Two generic types ofition between modes from the Turing and transverse Hopf
bifurcations are responsible for static and dynamical patterngstability bands, in contrast to Refg@—10. As a paradigm,
arising from a homogeneous steady state. Those are Turinge consider an optical system consisting of two identical
and Hopf bifurcations, respectively. Simple periodic patternsnonlinear thin films irradiated from both sides by equal plane
such as static hexagons, are formed due to the developing ofaves. This system was introduced in Rgfl] by Yu. A.
several transverse static unstable modes inside the same imegvin and A. M. Samson. Such phenomena as optical bi-
stability band [1]. More complicated structures can be stability and symmetry breakinfil2], static pattern forma-
formed as a result of competition of modes inside two ortion [13], localized structureg14], homogeneous pulsing,
more bandg2]. and chaotic temporal regim¢s1] were found. Here we fo-
In turn, domains where oscillatory instabilities take placecus mainly on the vicinity of pitchfork bifurcation, where the
can be divided into homogeneous and space-periodic classg¥mmetrical steady state crosses the unsymmetrical branch.

depending on which oscillating Fourier mode has a maximaPOth Turing and Hopf instabilities may coexist at the asym-
gain: with zero or a finite wave number correspondingly.metr'cal branch of solutions near this pitchfork bifurcations

Below. the latter case is referred to as a transverse Ho oint if it is subcritical. The presence of several steady-state

instability band to distinguish it from the former homoge- ranches greatly increase the diversity of dynamics.

. To control the system dynamics we change a coefficient
neous case{thc_)ugh t_he homogeneous Hopf pand 'nCIUde.Sof charge carrier diffusion in semiconductor media and a
also modes with finite wave numbers but with lesser gai

. . . r‘bhase shift of field propagating through a linear medium be-
than the mode with zero wave numbeAn interaction of tween the films. It is shown that the phase shift controls the

Hopf modes from different bands or with Turing modes,51ye of transverse wave numbers of unstable modes. De-
strictly enlarges the list of possible behaviors. Travelingnending on it, instabilities with the smallest transverse wave
waves, drifting rhombus, and winking hexagons were obyympers can arise via either Hopf or Turing bifurcation. The
served as the result of resonant interaction under phasgiffysion coefficient can be used to control the threshold of
matching conditiong3-]. In the general case the interplay moqylational instability changing the relative order between
between Turing and Hopf modes can lead to more complexying and Hopf instabilities. Various behaviors including
dynamics. Thus near a codimension-2 point where thresholqgaotic ones can be obtained near the codimension-2 bifur-
of Turing and homogeneous Hopf instabilities coincide ation point. Among them there are regimes with spatial field
(“codimension-2 Turing-Hopf bifurcation” in the terminol- gistribution appearing as coexisting domains with different
ogy of Ref.[1]), different types of behaviors were obtained g cturegfor example, a vortex glass and “mosaiclike” pat-
in addition to the existence of the pure mod@s1Q: bista-  teyng. Comparison of two cases when the Turing instability
bility between the homogeneous Hopf branch of solutiongpieracts with transverse or homogeneous Hopf instabilities
and either pure Turing or Hopf-Turing mixed-mode branchegg gone. The influence of a stability of the symmetrical

and related localized structures; Turing-Hopf and subhargieady state coexisting with the asymmetrical one for taken
monic (resulting from self-induced subharmonic instabilities parameters is elucidated.

II. BASIC EQUATIONS

*Fax: +375-172-393131; The system under study consists of two nonlinear thin
email address: nloiko@dragon.bas-net.by layers separated by a linear medigRig. 1). The nonlinear
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FIG. 1. The system consisting of two nonlinear films separated s P :
) - - oritiear ; 1 TS VO
by absorbing medium with complex refraction indexn’. d is the ; :
distance between the fiImEf;),Eg") are slow complex amplitudes P I
of fields incident into the system from the left and from the right, : : : : :
E(f),Eg_) are ones transmitted through the films, eh‘fgi) ,E(2+) are % 5 10 15 20 2‘5 30
the fields reaching the opposite film. le,l

. . . . . . FIG. 2. Steady stat f th it 4) for the followi
medium is considered in a two-level approximation. We sup- aran?eter;:e;o 3(;23283 ;): 0 S Ss:yg 33)_T(h)e colgseg I(;)op())vrv;r;])?e-

pose the polarl_zafuon_ relax_atlon time is much sh(_)rter _thargents asymmetrical steady states+ e,), whereas the open curve
other characteristic times in the system and ad|abat|callxorrespondS to symmetrical steady states=e,). The region of
eliminates the polarization of the medium: interest is enclosed in the rectangle in the inset.

rj=iej(nj—1)®, (1)

wherer; ande; are the polarizations and fields normalized in
accordance with Ref13], j=1 for the left andj=2 for the
right film. =(1+iA)/(1+A2),nJ- are normalized population
differencesA is the frequency detuning between the incident
field and the maximum of the absorption line normalized to

fields are spatially homogeneous and time independent.

Beside the adiabatic elimination of polarization, the sys-
tem (1)—(4) differs from ones considered earligt2,13 by
including the diffusion term in Eq.2).

the polarization relaxation rate. Ill. STEADY STATES AND LINEAR

In this approximation, the absorption line shape has Lo- STABILITY ANALYSIS
renz contour®, that often used for the description of reso-
nant nonlinear media including semiconductsse, for ex- In this section we consider the homogeneous steady states
ample, Ref[15]). In the last case the interaction of light with Of the system(1)~(4). For this case, the carrier densities
the films is described by the equatift6] can be expressed via the fielés and parameters of the

5 system:
h-=—n-—|ei|(r1—j_l)+DA n;. (2)
i i 1+A2 L1 1 . ]
Here,n; are carrier densities normalized to their values at g 1+pgl* ™ .

transparencypD is the correspondingly normalized carrier
diffusion coefficient, A | =d?/x?+#/3y? is the Laplacian where8=1/(1+A2) At that, Eqs.(3) are reduced to
over transverse coordinates={x,y}.

The field equations were obtained in Rgfs2,13 taking

. . . . a®el : a@ez
into account both propagation through the nonlinear thin e =€p— 5 — pe® 5
films (the thickness of each layer is supposed much smaller 1+pley 1+ple) ©6)
than a wavelength of incident figldind through the linear o e - a®e, o aOe
gap between them, and have the following form: 272 ] + Bleyl? ] +Bley?
~ . g
€y(t) =y —iary(t) —pefsef Hary(t=1), 3) Equations(6) can be written as a system of two cubic
() = ey —iar,(t) — peeLiar,(t - 1), equations versus field variables. The solution of these equa-

. tions for particular values of the parameters is presented in
wherep,, s, and 7 stand, respectively, for losses, the phase, P b P

shift, and a time delay due to propagation in the linear gap Fig. 2. A set of steady states is split into a symmetrical
is the light wave numberd=(d/K)A . and a describes the branch withe;=e, which exists for all values of the incident

. , N field g,, and asymmetrical one correspondingeic- e, [12].
nonlinearity of the thin film{16, We focus on the case when the pitchfork bifurcation is sub-
in:eg")(t)+peise_i0LeB_)(t—7-), critical as shown in Fig. 2 that can be realized for large

= (1) + e P et - 1) (4)  enough values of the nonlinearity parameter
€in2 = € p € ' Using the standard procedure of variation of the steady
e.1,6n are variables responsible for general contributionstates, linearizing the system against variatiomsglecting
of fields incident on each layer from both sides. In the caséhe terms of the second-order infinitesipnahd searching the
of equal incident fields these variables are equal. Below weolution of resulting system of differential equations in the
consider only this case. We assume also that the incideriorm
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FIG. 3. Turing stability boundaries of the asymmetrical branch  FIG. 4. Turing stability boundaries of the asymmetrical branch
of the steady states enclosed in the rectangle in Fig. 2. The paramf the steady state@n the rectangle in Fig. 2with changing the
eter values are as in Fig. 2. The thinnest line corresponds to thghase slippage. The thinnest line corresponds=t.97, the line of
diffusion coefficientD=0.0, the line of the medium thickness to the medium thickness te=0.8m, and the thickest line tg=0.7.
D=0.1 and the bold one tb=0.5. D=0.0 and the other parameter values are as in Fig. 3.

i ik lines. One can see that there are Hopf instability domains
OX(r 1) = XML (7)  which are not included in the Turing instability regions.
. In dependence on the phase slippage, the instability do-
[where ox=(Je;, g, on;) are small deviations of the vari- main with smallest values d, can be either a Turing or
ables from steady stat¢=1,2] we obtain the characteristic Hopf one. Below, we consider the latter case presented in
quasipolynomial for determination of steady-states stability:Figs. 5 or §a)—6(c) and focus on the pair of Hopf and Turing
bifurcations that occur first when the input field amplitude is

2 decreased. At zero diffusion coefficient the upper threshold
> Pi(\k, )ed™ =0, (8)  for Turing instability is higher than the Hopf bifurcation
j=0 point, and the system demonstrates various static spatial

structureg13]. By changing the diffusion coefficient, we can
whereP;(\ k) are polynomials of\ with coefficients de- decrease the range of steady states unstable to transverse
pending ork , . p_e_r'Furbanons(both Hopf and Turing The transverse insta-
In Fig. 3, Turing stability boundariefthe condition\ =0 bilities are decreased more for larger values of the transverse

in Eq. (8)] for asymmetrical steady states are depicted. Thd/ave number of corresponding_ transverse perturbations. We
thinnest line corresponds to the case of the absence of difft@n therefore change the relative order between the two bi-
sion D=0, whereas the thickest one corresponds to the largurcations as shown in Fig. 6. Similar changes of critical

est diffusion considered in this paper. It can be seen that th@0iNtS of Turing and Hopf instabilities were obtained for

presence of diffusion leads to a decrease of the Turing urf€action-diffusion modelg7,8] and for an optical parametric
stable region. The transverse perturbations are damped mopacillator[9,10.

for larger values of the transverse wave numker This
action of the diffusion term is widely presented in the litera-
ture[2,3,17.

In Fig. 4, Turing stability boundaries for the same steady
states as in Fig. 3 arld=0 are shown for different values of
the phase shifs. The stability boundary fos=0.97 is de-
picted by the thinnest line, and the decreasing isf marked
by the increasing of thickness. Therefore for this range of
parameters, decreasisdeads to drift of the stability bound-
aries in the direction of largke, giving the way to controk
of the unstable mode.

For the sake of clarity, we depicted in Figs. 3 and 4 only
changing of the Turing stability boundaries versus variation
of the control parameters. However, if the pitchfork bifurca-
tion is subcritical, Hopf instabilities can arise due to the time
delay[13]. The Hopf bifurcation boundarig@btained from FIG. 5. Hopf and Turing stability boundaries f@=0.25,
the condition R&\=0,ImA+#0 in Eq. (8)] are depicted by =5.0, and the other parameter values as in Fig. 2. Hopf boundaries
thin lines in Fig. 5 and possess analogous properties. In thige marked by thin lines whereas Turing boundaries are marked by
picture, static stability boundaries are also shown by thickiold ones.
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FIG. 7. (a) Dependence of the field in a single point of trans-
verse section of the left film versus the tinik) The corresponding
trajectory in the phase space. The parameter values are as in Fig.
6(b), ,=10.88, the initial valuee;=5.6.

FIG. 6. (a), (b), (c) The field range in the left film near threshold
of modulational instability and the parts of Hofeft band and
Turing (right band instability domains(d), (e), (f) The azimuthally
averaged spatial structure factd®, ,t) corresponding to the far
field presented in Figs.(8-9(c). The parameters are=18.0,D
=0.5(a), (d), 0.35(b), (e), 0,15(c), (f); the other parameter values
are as in Fig. 5.

behavior consists of fast, almost periodic, temporal oscilla-
tions with a low frequency chaotic envelope. The frequency
of fast variations in Fig. (&) is close to the Hopf frequency
) ] ] at the boundary of the unstable band in Figh)6The phase
Itis worth noting a difference between the two cases prenortrait of the regime for a single point of the transverse
sented in Figs. 5 and 6. Far=20 (Fig. 5), the unstable part pjane is presented in Fig(l). The chaotic “mosaiclike” spa-
of the asymmetrical steady-state branch coexists with stablgy) field distribution shown in Fig. @) is formed. However,
symmetrical states. This case is realized when the upper bipjs state is not ultimate. There are self-organization pro-
furcation point of the first instability band of the asymmetri- ~agses in the system: in the long run, rotating spirals are
qal state is below the pitchfork bifurcation point. !f the non- spontaneously nucleated in the transverse plane and grow
linearity parameter is decreased as for Fig. 6, thqni| a certain domain of the entire space is filled. The dy-
asymmetrical branch changes its shape by such a way thggmics of the remaining part is held as before. The evolution
the top of the first unstable band of asymmetrical states csf the spiral part is similar to the transition from a turbulent
exists with the unstable symmetrical branch. We show belovyegime to a vortex glasgl8]. The snapshot of transverse
that the stability of symme_trical gt(_aady states strongly influistribution of the field at this stage is shown in Figbg In
ences the system behavior originating from an unstablgomains filled with spirals the time envelope becomes more

asymmetrical steady state. smooth and the spatial picture is more ordered. Nevertheless,
this regime remains slightly chaotic during all times of cal-
IV. NUMERICAL SIMULATIONS culation.

hi . . h , | . The far field evolution of the above described dynamics is
In this section, we consider the spatiotemporal regimesq foliowing. When the system goes away from the unstable
obtained in the system under consideration. In numericalioaqy state, a ring of Fourier harmonics is excited with wave

simulations, the split-step method has been used with fagl,mpers close to the wave number of the transverse Hopf
Fourier transform on every step of integration that implies

periodic boundary conditions. The grid size 2828 was
used. An asymmetrical steady state is taken as the initial
condition for further simulations with small spatial noise
added. Evidently, this precision is enough for regimes
when only Hopf modes are active with comparatively small
wave numbers as in Figs(d®, 9b), and 9d). Numerical
integration of the system with parameters of Fig&)&nd
10 have been fulfilled also with higher precision using a
256X 256 grid, that have confirmed the obtained results.

As shown in the previous section, by changing the diffu-
sion coefficientD we can obtain codimension-2 bifurcation
point where thresholds of Turing and transverse Hopf insta-

bilities coincide [Fig. 6(b)]. For those parameters and the [, 8. Snapshots of the field in the left filna), (b) e,

operating point situated slightly below the instability thresh-=10.88, the initial valuee,=5.6:t=1500(a), t=40 000(b); (c) D
old, the system tends to the unstable homogeneous steady.15g,=10.89, the initial valuee;=5.7t>20000; (d) D

state at first, but then begins to withdraw from it. The field=0.29, s=,e,=12.36, the initial valuee;=5.7,t=20000; the
evolution after that transient stage is shown in Fi@).7The  other parameter values are as in Fig. 7.

-~
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@ ®) pies a part of both bands. Those features indicate a formation
of mixed modes like that obtained near a codimensional-2
, point in the case of the homogeneous Hopf instability band

4 oy [1,7-1Q. There is also the second weak ring with a double

wave number in Fig. @).

To compare both cases of the instability interactions in-
@ volving the homogeneous or transverse Hopf instability in
more detail, we change the phase slippagad hence shift
the domain of instability in respect to, keeping the condi-

" tion for occurrence of the codimensional-2 point by changing
diffusion D. Thus for s=# the system is dynamically un-
stable in respect to perturbations wih belonging to a nar-
row band centered &t =0 (the homogeneous Hopf instabil-
ity band. Near the instability threshold we have observed
that the zero Fourier harmonic plays the main role in dynam-
ics and a limit cycle is developed with a very weak long-
wavelength spatial modulations. The limit cycle is a sym-
mode. During the mosaiclike periofFig. 8@)] the ring  metrical stat€e;=e,) in contrast with the regimes described
evolves to a disc shape. Near and far fields at this stage @fbove. When the operating point is shifted more from the
evolution are similar to that predicted for a g@ser with  threshold, this state loses stability keeping the symmetry and
saturable absorber operating far from the laser threshold new complex spatiotemporal behavior is observed after a
[19]. On the last stage, the ring becomes again more visibléong transient period. Its evolution in time consists of fast
though the mode excitement is not uniform along the ringand slow oscillations as presented in Fig. 7; the spatial dis-
[Fig. Ab)]. tribution shown in Fig. &) is characterized by moving

It is worth noting that the modulus of space Fourier trans-bright separate curves on the almost homogeneous back-
form of the fielde, used for calculation of the far field in a ground. The main active part in the space spectrum is con-
certain moment of time could be used to determine the struadensed near zero wave numtjEig. 9(d)].
ture factor[20,21. This technique is useful for characteriza- It is worthwhile to remind one that the above scenarios
tion of spatial and temporal scales and correlations of a chahave been obtained when a top of the Hopf instability do-
otic state. To compare numerical results with stabilitymain corresponds to a value of incident field higher than the
analysis, we determine here only an instantaneous azimutlpitchfork bifurcation point, so the homogeneous symmetrical
ally averaged spatial structure facték, ,t) [21]. This factor ~ state existing at thi®, is unstable. In the opposite case
for Fig. 8@) clearly indicates that only transverse Hopf in- which is realized for higher values of the nonlinearity param-
stability band is involved into dynamics of vortexes coexist-etera as in Fig. 2, perfect rotating spirals have been obtained
ing with the mosaiclike turbulenciompare Figs. ®) and  instead of rolls near the maximum of the transverse Hopf
6(e)]. The field behavior in the second layer is similar but hasinstability band when it is higher than the maximum of the
another amplitude of oscillationgsymmetrical regime Turing band. Obtained numerical results demonstrate that

If the system operates closer to the maximum of the transstarting from the unstable asymmetrical steady state, the field
verse Hopf instability band in Fig.(B), then the traveling at a considerable part of the transverse section tends to the
rolls are formed. The time of their formation is compara- stable homogeneous symmetrical state. The remaining pieces
tively short. The field evolution is approximately the same asof the spatial field distribution are kept asymmetrical and
in the previous case. Chaotic motion is produced evidentlyevolve to bright curves that are then transformed into rotat-
by defects, the number of which is reduced with time. Simi-ing spirals. From a certain moment of time, each of the spi-
lar behaviors were observed also in the whole range of fieldals occupies a constant domain. The time evolution of the
amplitudes presented in Fig(e&d for a larger value of the field in a single point of the transverse cross section is a limit
diffusion coefficient when the critical point of transverse cycle with the frequency close to the Hopf one. However,
Hopf instability is higher than the Turing bifurcation point. with the decrease of the incident field, this regime becomes
Those structures are created mainly by transverse Hopinstable and spirals untwist into traveling rolls as in the case
modes as shown in Figs(d and 9a). In comparison with  «=18.

Fig. 9b), only two segments of the ring are excited giving The field distribution near a codimension-2 point f@r
evidence of a dynamically induced anisotropy in the system=20 also differs from that presented in Figbg though

If the diffusion is reduced so that the Turing critical point temporal oscillations of a single point are similar. Instead of
is the first to be observed at decreasing the input fiEld.  vortexes coexisting with chaotic domains, narrow traveling
6(c)], obtained spatial structures are approximately stationargtripes coexisting with small domains of more complex be-
(the amplitude of temporal pulsatiors10™#) and resemble havior and with almost homogeneous domains are observed
disordered spaced defect chains or clusters typical for affFig. 1Qa)]. Correspondingly, two directions of wave vectors
isotropic systen1] [Fig. 8c)]. At that, a ring of Fourier can be distinguished in the far fieldrig. 10(c)]. Besides,
modes is excited agaiifrig. 9(c)], but its characteristic wave there are space harmonics close to zero wave number that are
number is between centers of the Hopf and Turing instabilityevidently responsible for long-wavelength perturbations of
bands[Fig. &f)]. The ring is comparatively wide and occu- the background.

FIG. 9. Transverse far-field distribution f@=0.5(a), 0.35(b),
0,15(c), 0.29(d); s=0.97 (a)(c), 7 (d); the other parameter values
are as in Fig. 6 ant=40 000(a), (b), 20 000(c), (d).
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tive order of the Hopf and Turing bifurcations is driven by
diffusion in a nonlinear media. A variety of spatiotemporal
behaviors have been observed that could be classified by the
next manner:

I. Interplay between the Turing and transverse Hopf in-
stabilities results only in asymmetrical behaviors.

A. Region of parameters where unstable homogeneous
s asymmetrical steady states coexist with unstable symmetrical

e o states(a=18).
s 'Y (1) Hopf modes are dominant: traveling rolls with de-
M T fects. As known, defects often arise from long-wavelength

disturbance$1,25,24.

(2) Codimension-2 pointi) traveling rolls near the criti-
cal point;(ii) transition with decrease of the incident field to
the defect mediated turbulence coexisting in two configura-
tions, a vortex glass and mosaiclike patterns. This state is
similar to the coexisting of a vortex glass and vortex liquid
tained in Ref[27].
(3) Turing modes are dominant: almost stationary clus-
ters of defects.

FIG. 10. Snapshots of the ne@), (b) and far(c), (d) fields in
the left film. (a), (c) D=0.29 g,=11.57, the initial valuee;
=6.211t=20000; (b), (d) D=0.25g,=11.59, the initial valuee;
=6.251t>20 000; the other parameter values are as in Fig. 5.

The almost stationary space distributions for this value ofOb
« and smaller diffusiorjFig. 1Qb)] is determined mainly by

two rings as fora=18 [Figs. &c) and 9c)]. But in contrast B. Region of parameters where unstable homogeneous

with thaF case, only eight spots on every ring in the'far ﬁemasymmetrical steady states coexist with stable symmetrical
are excited[Fig. 1Qd)]. As a result, the structure in Fig. states(a=20).

10(b) looks more regular than in Fig(®. It includes com-
paratively large domains with rolls the incline of which is
changed from one domain to another.

When the Turing instability band competes with the ho-
mogeneous Hopf instability ban@=) for =20 a sym-
metrical homogeneous cycle,=e,) is observed near the ;a1 reoriented oblique rolls with boundaries of a “zig-
codimension-2 point. This cycle loses stability with the de—zagn type or destroyed by point defects.
creasing of the incident field and the system settles down on |, \when the interplay between the Turing and homoge-
the stable homogeneous symmetrical steady state. neous Hopf instability takes place, only symmetrical behav-

iors have been observed for the case of codimension-2 point:
V. DISCUSSION AND CONCLUSION homogeneous limit cycle near the critical point; chaotic
moving bright curves on the homogeneous backgro(atd

It is known that chaotic modulations of much faster peri- o= 18) or the homogeneous steady staigse=20) far from
odical regime are encountered in time-delay optical systemshe bifurcation.
both spatiotempordl22] and purely tempord|23,24 rather So, behavior of the considered system depends not only
than in mean-field models. One of the reasons is that Hopdn the interaction of Turing and Hopf instabilities of asym-
instability bands disappear for small delay. Another one ismetrical steady states, but also on a type of the Hopf bifur-
that a time-delay system is effectively infinite dimensional,cation (homogeneous or space-periodit the center of the
which gives a possibility for chaotic behavior. instability band and the stability of homogeneous symmetri-

In this work, we have considered the system of two noncal steady states existing at taken parameters. Potentialities
linear thin films, separated by a linear medium. The delay ino change those characteristics open opportunities to drive
the system is caused by a time passage of the field betweehe system behavior from a homogeneous state to turbulence
the layers. We focus on the case when the fields incideniith different space structures. A better understanding of
from both sides on the system are equal. Nevertheless, fgfrocesses occurring in the system along with changes of the
certain parameters the system can have along with symmetiparameters could be achieved by a weak nonlinear analysis.
cal homogeneous steady states=e,) asymmetrical ones However, that task presents a separate difficult problem since
arising due to a pitchfork bifurcatioffig. 2). We have dem- consideration of two coupled complex Swift-Hohenberg
onstrated that this region is rich in respect to different instaequations for fields in each layer is necessary. Moreover,
bilities if the pitchfork bifurcation is subcritical. The delay taking into account that the carrier relaxation time is compa-
causes Hopf instabilities at the asymmetrical branch of solurable with the time delay for the present parameters, those
tions besides the Turing instability existing at zero delay. Aequations must be coupled to a mean flow as it takes place
Hopf bifurcation occurs with zero or a finite transverse num-for a class B lase[28]. Such investigations are planned in
ber depending on the phase slippage between the films. Relghe near future.

(1) Hopf modes are dominanti) perfect vortex near the
critical point and(ii) traveling rolls far from it.

(2) Codimension-2 point: coexisting of traveling stripes
with chaotic and homogeneous domains.

(3) Turing modes are dominant: domains with almost sta-
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